C S46 3 



XXXIL An Invejiigation of tie Principles of progrejfwe 
and rotatory Motion. By the Rev. S. Vince, A. M. of 
Sidney College, Cambridge. Communicated by George 
Atwood, A. M. F. R. S. 



Read June 15, 1780. 

'TF^tlE communication of motion from impafl is 
^ well known tq conftitute a confiderable part of 
that branch of natural philofophy called mechanics ; 
and as all our enquiries therein are dire6ted, either 
to aflifl: us in thofe operations which add to the con- 
veniences of life, or to explain, for the fatisfadion 
of the mind, thofe changes which we daily fee arife 
from the effects of bodies on each other, it might na- 
turally have been expedled that the attention of philo- 
fophers would have been engaged, firft in the invefti- 
gation of fuch cafes as moft frequently occur from the 
accidental adlion of one body on another, before they 
had proceeded to others lefs obvious. A little con- 
fideration will convince any one how feldom it hap- 
pens, in the collifion of two bodies, that their centers 

of 
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of gravity and point of contact lie in the line of diree- 
tion of the ftriking body, yet few writers on mechanics 
have extended their enquiries any further than this fim- 
ple cafe. It nrnft however be acknowledged, that 
the a6lion of bodies on each other, in dire(5lions not 
pafling through their center of gravity, affords a fub- 
jedt at leaft curious in fpeculation ; for my own part, 
I have little doubt but that it might be rendered ex- 
tremely ufeful to the pradlical mechanic, i. Bernoulli 
was the firft who publilhed any thing on this fubjecft. 
He found the point about which a body at reft would 
begin to revolve when ftruck by another body, obferv- 
ing however that d. Bernoulli had alfo difcovered the 
fame : he has alfo mentioned the curve defcribed by 
that point in the progreffive motion of the body, and 
has dire6led a method of enquiry by which the veloci- 
ties of the bodies may be found after the ftroke, which 
comprehends all he has done on the fubje6t. Two years 
afterwards d, Bernoulli publifhed a paper on progref- 
five and rotatory motion, containing nothing more than 
what I. BERNOULLI had before giveu us, and, what is a 
little extraordinary, fays in the introdu£lion, de tali 
quidem percujftone nibiladhuCy quantum Jcio^ publici juris 
fa&umfuit ab iiSy quide motu corporum a percujflone ege^ 
runt. EuLER has alfo inveftigated the velocities of the 
Vol. LXX. 4 G bodies 
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bodies after imparl ia a manner fomewhat different, but 
has rendered it much more intricate by a fluxional cal- 
culus. To any one, however, who attentively confiders 
the fubjeft, the theory muft ftill appear to be extreme- 
ly imperfe6t, as, independent of principles not more 
felf-evident than the propofitions they are intended to 
demonftrate, which both i. and b. Bernoulli have af- 
fumed in their inveftigations, a great variety of other cir^ 
eumftances equally in terefting naturally arife in an enquiry 
into this matter, circumftances abfolutely neceffary to- 
wards underftanding the principles of the motion of the 
bodies after impact. This induced me to eoniSder the 
fubjeit with fome attention, and prefuming that I have 
not been altogether unfuceefsful in my endeavours to 
rehder the theory more perfe6l, I determined to lay the 
refult of my enquiries before the Royal Society. 1 
thought it expedient, for the fake of perfpicuity, to di- 
vide the whole into diftincSt Propofitions ; and as the 
tooft fimple cafes are belt underftood, I have firft coa- 
lidered the cafe of the action of a body on a lever hav- 
ing a eorpufele at each end : and I was the more in- 
duced to treat the fubjecSt in this manner, as moft of 
the principles can be immediately applied to any num- 
ber of corpufcles, in confequence of which the gene- 
ral inveftigations are rendered more eafy and fatisfac- 

tory.. 

PROP 
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PRO P. L 

het A and b be two indefinitely fmall bodies conneSled by a 
lever void of gravity j and fuppofe a force to a£l at any 
point D perpendicularly to the lever ^ to find the point aboi^t 
tvhicb the bodies will begin to revolve. 

From the property of the lever, the efFe£t of the 
force adling at d (fig. i.) on the body a is to the ejEFe6t 
on B as BD : AD ; hence the ratio of the fpaces hm^ Bn^ 
defcribed by the bodies a and b in the firft inftant! of 

thcir motion, »,,1 be as >J2 .. - ; j™„ „„, and if ne- 

ceffary produce that Une and ab to meet in c, which 
will manifeftly be the point about which the bodies be- 
giri to revolve. Hence from fimilar figures bc : ac : : 

---(ocb;^)':— {^Am) : : ax ad : b x bd, or dc -db : ad -f 

■J J* xi ^ AxAD^+BxBD* 

DC : : AX AD : B X bd, and confequently DC- bxbd-axad > 
and therefore d is the center of percuffion or ofcillation 
to the point of fufpenfion c. 

Cor. 1^ Hence, whatever be the magnitude of the 
dftnike at d, the point c will remain the fame. 

Cor. a. If the force ads at the center of gravity g, 
the bodies will have no circular motion, for in this cafe 
B X BD- a X AD=:o, and therefore dc becomes infinite* 

4 G 2 Cor. 
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Cor. J. If the force ails at one of the bodies, the 

center of rotation c will coincide with the other body. 
Cor. 4. If the lever had been m motion before the 

ftroke, the point c, at the inftant of the ftroke, would 

not have been difturbed^ 

P R O P. 11. 

Let a given quantity of motion be communicated to the lever 
at D, to determine the velocity of the center of gravity g^ 

The fpace hm^ defcribed by; the body a im the firft 
indiant of motion, is as — - : now ccj= cp- po=::CD -^ 

' A 

A X AD' + B X BB* BxBDxBG + AxAPxAG. 

AG+AD- BxBD-AxAD ""^^"^^^^ BxBP-^AxAb * 

\r AxAD^ + BxBD* _. BxBI>><^AB . 

alfo CA = CD + PA r^ b^BD--AxAD + ^^ = 33^^A-AxAD ' 

*■ ^ BxBDxAB / X BD / v 

hence we- have bxbd..a:xak C^'^) = :X C^^^) * •* 

BxBD — AxAD v / A>^B,xrAB 

velQcitypflhe canter of gravity: heKtceif themptipnbe 
communicated at g, the velocity becoraeaas — ^^^^^^ — • 
Let now the motionj which is fuppQjfed to bp a6jtttally 
eommunkatdd to the rodat d> be equivalent to the na- 
tion of a body whofe niagnitude is Gj and moving with a 
velocity v ; then if that motion be communicated at G, 
the x?:elodty of the center of gravity is well knowa to be 
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^ Gx^^\ u^^r... BxBG +AxAG^ , B xBD xBG + Ax AD x AG ■ 
- aTb ' ^^^^^^ AxBXAB "^- • AxBxAB ^ • '• 

Gx-y Gxt» BxBGxBD + AxADiif AG ^, . , .. ^ , 

aTb • AT- ^ — BXBG- + AXAG = ^^^ Vdocity of the 

center of gravity, when the fame motion is adlually com- 
municated to any point d. Now bd = bg + gd, and 
AD=AG~GD ; hence b x bg x bd + ax adx ag=bxbg^4 

AXAG-+GDX BxBG-Ax AG:== (becaufc Bx BG~ A X AG=:o) 

B X BG^ + A X AG^ J confequently the velocity becomes 
—;^ ; and hence the center of gravity moves with the 
lame velocity, wherever the motion is communicated* 

PROP. IIL 

Let a given elaJUcbody ^^y moving with a given velocity y 
be fuppofed tojirike the lever at the point t> in adirec-- 
tion perpendicular^ to it; to determine the velocify of the 
center 6f gravity (^ after thejtroke. 

Suj^pfe firfl: the body to be npn-elafticji and let ^ be 
the velocity of the center of gravity after the. ftroke upon 
that fuppoJStion, and v the velocity of the ftriking 

body : then ea : cd : : v : --^^^ ;= die velocity of the 

point » zkei^ the ftrc^e^ or of the body p ; foi* the 

fame reafon ^^^^ and -g^ eqttal the velbdties of a 

and B refpedively* Now, becaufe in revolving bodies^ 

the 
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the momenta, arifing from the magnitude of the bo- 
dies, their diftance from the center of rotation and ve- 
locity conjointly, remain the fame after the flroke as 

, f- /int.. ^ -z^xCD^xP «xCA*xA 

before, we fhall have pxvxDc=: — prp:, + — ^^ ■ + 

•" '^ ^'^^ ^ \ and therefore v ' pxVxDc.cg 



CG ^ P X DC" +AxAC^ + BxBC^ 

PxVxCG 



aVbxCG + PxDC 



; hence if p be fuppofed an elaftic body, 



we fhall have ,i=J.^^-^ — ^ — ~ for the velocity of the 

A+BxCG-fPxDC ^ 

center of gravity after the ftroke, in ipjo motus initio. 



PROP. IV. 

to determine the motion of the bodies after thejlrjl injlanty 
or when they are left to move freely by themf elves. 

The writers on mechanics, from confidering the 
equality of motion on each fide the center of gravity, 
when a body revolves about that point, have inferred, 
that if a body had a proje6tile as well as a circtflair mo- 
tion communicated to it, the center of gravity would 
continue to move in a right linC, as that point would 
not be diftarbed by the rotatof y rriotion : yet, ' as, in 
the cafe we are now confidering, the bodies begin to re- 
volve about a different center, it may be proper to exa- 
mine more accurately into this matter, and to Ihew from 

what 
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what principle it is that the motion of the center of gra- 
vity is preferved in a right Une. 

Let a motion perpendicular to the rod be communis 
Gated to A (fig. 2.) and then by Cor. 3. Prop. 1. b will 
not be difturbed by fuch -an a(5lion; and a will in the 
firft inftant have a tendency to revolve about b as a cen- 
ter, and would adlually defcribe the arc ah, if the body 
B were fixed : let the angle abh be fuppofed infinitely 
fmall, and let gk be ^he arc, the center of gravity would 
have defcribed, and draw the tangents af, Gg to the 
arcs AH, G^ refpe<5tively. Now, if a could have moved 
freely, it would (becaufe af=ah) have defcribed af in 
the fame time the arc ah was defcribed, upon fuppofi- 
tion that b was fixed ; for the radius b a being perpen^^ 
dicular to the circular arc ah, the force of the lever 
could have no efiicacy to accelerate or retard the motion 
of A in the arc ah, and therefore the velocity in that 
arc is the fame as it would have been if it had moved 
freely in the tangent : hence hf is that fpace through 
which the centrifugal force of a would have carried that 
body, could it have moved freely ; but as a is connedled 
to b by means of the lever,^ it is manifeft that the fame 
force which would have carried a from H to f in the 
direction of the lever, will, when it has both bodies 
to move, carry it over a fpace which is to fh as a : a + b, 

or 
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or as Bg* : BH, or as gKi FH ; hence that fpace^ or the 
fpace through which the centrifugal force of a will 
draw the lever in the direction bh, is equal to k^ ; that 
is, the point k, which is the center of gravity of a 
and B, will be found at g^ and confequently the center 
of gravity has preferved its motion uniform in the right 
line Gg^ inafmuch as the centrifugal force, ad:ing per- 
pendicidarly to the diredtion of the center of gravity, 
can neither accelerate or retard its motion. In the fame 
manner it may be proved, that the motion of the center 
of gravity is continued uniform in the fame right line, 
whatever be the pofition of the lever. Moreover, as 
the centrifugal force a(Sts in the dire6lion of the lever, 
it cannot alter its angular velocity, which will therefore 
remain as in ipfo motus initio. If now we fuppofe 
that to the force impreffed upon a, two other equal 
accelerative forces be communicated to a and b at 
the fame time, it is evident that no alteration can arife 
from the actions of the bodies on each other ; and the 
cafe will then be limilar to the motion of the bodies, 
fuppofing a fingle force had been imprefled at any point 
D. The like method of reafoning may be extended 
to any number of bodies. 

The fame thing may alfo eafily be demonftrated in 

the following manner. The centrifugal forces of A 

7 and 
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and B (fig. I.) are refpedlively ax ac and bxbc ; alfo 
the centrifugal force of the point g, conlldering it as 
having both bodies to move in the dire6tion of the rod, 

, I y -■!- ■ mmmmmmt^ ■■■■■it 

is A + BxGC, but from mechanics axac + bxbc=a + Bx 
GC : hence the centrifugal forces of the bodies a and b 
give the center of gravity a centrifugal foixe equivalent 
to its own centrifugal force, v^hich, as the latter v^ould 
caufe that center to move in the tangent g^, the levei' 
not being fixed at c, it is manifeft that the former will 
caufe the center of gravity to continue its motion in the 
fame dire6lion. 

That this motion of the lever, in a direction from 
the center c, is the only motion which is communicated 
to it from the effedt of the bodies a and b is manifeft from 
hence. The bodies begin to revolve freely about the 
point c, and confequently if the point c had been fixed, 
the bodies would have moved on with a uniform angular 
velocity about c ; if therefore we fuppofe the lever not to 
be fixed at c, as the efficacy of the centrifugal force which 
a6ts in the direction of the lever is now fufFered to take 
place, and no new external force is impreffed on ei- 
ther of the bodies, it is manifeft, that if in the former 
cafe the bodies had no efficacy to difturb the angular ve- 
locity of the lever, they cannot have any in the lat- 
ter, confequently the angular velocity, and from what 

Vol. LXX. 4 D has 
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has been before proved, the uniform motion of the cen- 
ter of gravity in a right line, remain unaltered^ after 
the commencement of the motion^ 



PRO P. V. 

In the time the Bodies make one revolutimy the e enter 0} 
gravity will move over a /pace equal to- the circumfer'* 
ence of a circle whofe radius is^ ca (j^g. 1 .) 

From the toft PropodStion^j the^igular velociiry of the 
lever is continued uniform ; hence the time of a revo- 
lution is juft the fame as if the point c were fixed, and 
the bodies were to continue to revoitve about that point 
as a eenter, in which cafe the center of gravity g, m 
the time of a revohition, would evidently defcribe the 
circumference ©f a circle whofe radius is gc^ This 
therefore is^ the ^pace the center of gravity defcribes in 
a right Vmc when the bodies move freely, for from th6 
laft Propafition that cCTiter is carried uniformly fonvaifd 
with the feme velocity^ 

Car^ 1. Hence if the magnitude of the force a6li hg 
at D vary^ the velocity of the center of gravity will 
vary in the fame ratio as the angular velocity.. 

Cor. 1 . Hence the point d may be found, where a 
force being applied, the bodies lliall make one revolu- 
tion. 
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tion, whilft the center of gravity moves over any 
given fpace (s) : for let p = the periphery of a cirde 

whofe radius is \inity, then p i i t:4 '. ^ = the- radius 

of a circle whofe circumference is the fpaCe to be paflfed 
over in the time of a revolution, and which muft there- 
fore, by the Propofition, be equal to go ; the point c 
therefore being determined, d may be eafily found, for 
from mechanics cgxdg is given; and from Cor. 3, 
Prop. L when b comes to a, c will coincide with b^ 

: cGxGB= AGXGB, and contequently dc= — ^5— • 

PROP, VL 

fh determine tke time of one remlution^ fapp^f^^i ^"oery 

thing gimn as in Prop* IIL 

The point d being given, we have from Cor. 2. to 

AG y GB 11 ♦ 

the laft Propofition, cg = p^ ; put w equal the cit- 
cumference of a circle whofe radius is CG, and it appears 
from the laft Propofition, that w is the fpace the center 
of gravity pafles over in the time of one revolution ; 
hence, becaufe from Prop. iv. the center of gravity 

2xVxPxCG 

moves uniformly, we have by Prop. IIL ^^ ^ cg+f x dc 

4D a : i'^ 
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: i^^ : : w : w X — ^^^ Ji^^^^ - the time of one revolu- 

A+BxCG+PxDC 

tion. 

Cor. Hence the angulai^ velocity being inverfely as 

the time or a revokition, will vary as -^ y x~p1<cg^x~w ~^* 



PROP. VIL 

T'be point c, as the center of gravity moves forward^ zvill 

defer ibe the common cycloid. 

From the delcription of the common cycloid it ap- 
pears, that the center of the generating circle- paffes over 
a fpace equal to the circumference of that circle whilft 
it makes one revolution. With the center g (fig. 3.) 
and radius gc, defcribe the circle cxy^ and draw cr, gw 
perpendicular to abc, and let the circle Qxy be firppofed 
to revolve on the line cr ; then will the center g move 
over a fpace equal to the circumference of the circle 
zxy whilft it makes one revolution, and the point c will 
defcribe the common cycloid : but from Prop. v. the 
point G will move over a fpace equal to the circumfer- 
ence of a circle whofe radius is gc> whilft the bodies, 
and confequently gc, make one revolution ; and hence 
the point e will defcribe the fame curve as before, that is,, 

the common cvcloid, 

^. 

PROP. 
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PR O P. VIIL 

Let a motion be communicated to the lever obliquely^ to de^ 
termine the point about which the bodies begin to revolve. 

LetFD(fig.4.)reprefent the force communicating the 
motion at the point d, which refolve into two others fh, 
HD, the former fh parallel to the lever, and the latter hb 
perpendicular to it. Let c be the point about which the 
bodies would have begun to revolve, had the force hi> 
only adted, and which may be found by Prop. I : and 
fuppofe in this cafe mgn to have been the next pofi- 
tion of the lever after the commencement of the mo- 
tion, or that the bodies a, b, and center of gravity g, 
had been carried to m^ g and n refpe6lively. But as the 
force FH a6ts at the point d at the fame time in the direc- 
tion of the rod, if we take g^ : g^ as fh : hd, then whilft 
the center of gravity would have moved from g to g in 
confequence of the force hd, it will by means of the force 
FH be carried in the direction of the lever from g to Qy 
and alfo every other point of the lever will be carried in 
the fame diredlion with the fame velocity ; take there- 
fore hp and Br each equal to g/?, and complete the pa- 
rallelograms ka^ GW and b^, and the bodies a, b, and 
center of gravity g will, at the end of that time, be 

found 
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found at a^ b and w refpedively, and awb will be the 
pofition of the lever. Now it is evident, that c is not 
the point about which the bodies begin to revolve, for 
(confidering the lever to be produced to c) that point 
muft have moved over a fpace c^ equal to g<7, when the 
lever is come into the pofition awb : draw co perpendi- 
cular to CB, and go. perpendicular to Gfe?, and o will be 
the center of rotation at the commencement of the mo- 
tion.. For conceive co to be a lever, then the lever abc 
has a circular motion about c , whilft that point is mov- 
ing from c to r, and confequently the point o is carried 
forward in a direction parallel to cc by this motion ; but 
as the lever co is carried by a circular motion about c 
in a contrary direilion^ it is evident that that point of 
the lever co mull be at reft where thefe two motions are 
equal, as they are in contrary diredions. Now the ve- 
locity of c in the direftion qc : velocity of g about c : : 
oq : Gg :: (by fira. triang.) co : CG, and the velocity of 
the point g about c : velocity of the point o about c : : 
CG : CO ; hence ex aquo the velocity of c in the direc- 
tion of cc, or of o in the direction op parallel to cr, is 
equal to th6 velocity of the fame point o in a contrary 
dire6tion arifing from its rotation about c, and confe- 
quently o being a point at reft, muft be the center of ro- 
tation in ipf^ motus mUh^ AUb, becaufe ma is equal 

and 
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and parallel to ni^^ ab muft be equal and parallel to mn^ 
therefore tEe angular velocity is juft the fame as if the 
force FH had* not ailed. The center o of rotation at 
the beginning of the motion being thus determined, 
every thing relative to the motion of the bodies, after 
they are 2X, liberty to move freely, may be determined 
as in the preceding Propofitions. 

C(ir\ I.. Hence it appears^, that whatever be the mag- 
nitude or direilion of the force communicating the mo- 
tion, or the point at which it a£fcs, the center of gravity 
will: move ia a line parallel to the diredlion of the force,, 
for the triangles ihd^ g/?^ being fimilar, cwo mult bo^ 
parallel to id. 

Cor. 2% The fame iis manifeftly true for any number 
df bodies ; for let (fig. 5 .). e be a third body, and con- 
ceive it to. be connected with the other two bodies a and 
B in their center of gravity g^; then if fb reprefents the 
force adting at the point ix> it i$ evident from the laft 
GoroL and the fecond Prop; that the center of gravity 
moves with the fame velocky and in the feme diie<9:ion^ 
as if the feme jnotion had been communicated at a in a 
Ene EG parallel to fd, and that the center of gravity has 
the fame velocity commiinicated to it,, as if the two bo- 
dies had been placed at a; conceive therefore the bodies 
k and 'B to be placed at g,. and kt the force a£t'at d, and 
% then 
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then from the laft Gorol. the center of gravity ^, of the 
three bodies, will move in a line parallel to the direction 
of the force communicated. In the fame manner it 
may be proved for any number of bodies. 

SCHOLIUM. 

The method here made ufe of to determine the point 
of rotation in ipfo motus initio^ when a lingle force a6ts 
at any point n, may be applied, when any ntimber of 
forces a6l at different points at the fame time. For let 
(fig. I.) ^, jS, y, &c. reprefent the forces ailing on the 
lever at the points n, e, f, Sec. refpeaively ; then from 
the fame principles the effe(5t of all the forces on a : 

rne enecr. on b • • r-rr *¥ -rz,. 4* t^ "t occ. « *r7i"^?n^4";T^ "fr* occ. 

AD AE AF BD BE BF 

which quantities put equal to p and ct refpedli vely, and 

then X • T** • ^^ * ^^ : : ac : Be, from whence it ap- 

pearsi that (putting go + ga = ac add go -- gb = 

Bc) the diftance go = ^ ^ ^^/^^^ ^^^ ^ ^^ . The 

fame conclufion might have been deduced from this 
confideration ; that if any number of forces a<5t on a 
lever, the effect on any point of that lever is juft the 
fame as if a force, equivalent to the fum of thefe forces, 

had 
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had adled at their common center of gravity, find there- 
fore their common center of gravity, and conceive a 
force equivalent to them all to be communicated to that 
point, and the Problem is reduced to the cafe of the 
firft Propofition. If any of the forces had afted on the 
oppofite fide of the lever, fuch forces mufl have been 
confidered as negative. 

If there be any number of bodies placed on the lever^ 
and a lingle force a6ls at d, it will appear from the fame 
principles that the point c, about which they begin to re^ 
volve, will be the point of fufpenfion to the center of per- 
cuffion D ; and the fame conclufion will be obtained, if the 
bodies be not fituatedin a ftraightline. As a dire£l invelti- 
gation, however, is always to be preferred to conclulions 
drawn from indudlion, it may be thought proper, before 
we apply any of the foregoing principles to the cafe of the 
adtion of bodies upon each other by impaft, to fliew 
how fuch a diredl inveftigation to determine the point 
about which a body, having a motion communicated to 
it, begins to revolve^ may be obtained ; previous to 
which, howxver, fome further confiderations are ne^ 
ceffary. 
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P R O P. IX. 

If a force aSis upon a body in any ghen diret'iion not paf^ 
Jing through the center of gravity ; to determine the 
plane of rotationy the diredion in %vhich the center of 
gravity begins to move^ and its motion after ^ 

Conceive a plane a^bz (fig. 6.) to be fupported upon 
a line ab pafling through its center of gravity g, and 
fuppofe a force to ail at any point d in that line, and in 
a direftion perpendicular to the plane ; then it is mani^ 
feft, that fvich a force can give the plane no rotatory 
motion about ab. Imagine now the fupport to be taken 
away whilft the force is ailing at d, then it is evident, 
that as the plane had no tendency to move about ab as 
an axis, and the taking away of the Hipport can give it 
no fuch motion^ it will, by Cor. 2. Prop. viii. begin its 
progreflive motion in the direction in which the force 
a6ts ; and as the force is fuppofed not to a6l at the cen- 
ter of gravity, it muft at the fame, time have a rotatory 
motion about fbme axis,^ which, as it has no motion 
about ab, muft lie fomewhere in the plane, and per- 
pendicular to AB ; and confequently in ipfo motus initio 
the plane of rotation mult be perpendicular to the plane 

AyBZ. 
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AVBZ. Let LCM, perpendicular to ab, be the axis about 
which the plane begins to revolye, and />, q be two equal 
particles of the plane fiimilarly fituated in refpe6t to ab, 
alfo qb^ pa perpendicular to lcm. Now the centrifugal 
force of py or it5 force in the direftion ap hpxapy and 
that of q in the direction bq is qxbq\ to determine now 
how thefe forces will afFedt the motion of the plane, we 
may obferve m the firft place, that the force pxapy a^Sl- 
ing at a in the plane, mull tend to give it a motion 
about an axis perpendicular to the plane ; but as an equal 
force qxqb adls at q to give it a motion in a contrary di- 
rection, it is evident that the two forces will deftroy each 
other, fo far as they tend to generate any motion in the 
plane about an axis perpendicular to it ; and hence it is 
manifeft, that if the parts of the plane aj/b, azb, be 
fimilar, and limilarly fituated in refpeci to ab, the plane, 
after the commencement of the motion, will have no 
tendency to revolve abovit an axis perpendicular to it. 
Alfo, as the centrifugal force of each particle a6ls in a 
diredlion parallel to ab, it can give the plane no ten- 
dency to revolve about that line as an axis, and confe- 
quently the plane of rotation will be preferved as m ipfo 
motus initio. Conceiving therefore the plane on each 
fide the line ab to be fimilar, and fimilarly fituated, 
fuppofe another plane to be fixed upon this, whofe parts 

4E !2 on 
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on each fide ab are fimilar, and fimilarly fitiaated, andl 
the force to adl as before, then it is manifeft, that as> 
each plane endeavours to preferve the fame plane of ro- 
tation, the two planes connecSted will alfo continue ta 
move in the fame plane of rotation, for the affion* of 
one plane on another, on each fide the plane of rota* 
tion, being equal, cannot tend to difturb the motion i» 
that plane ; and as this muft be true for any number of 
planes thus fimilar and fimilarly fituated, it is evident, 
that if a force fliould a£l upon a body, and each fec- 
tion, perpendicular to the diredion of the force, fliould 
be fimilar on each fide the plane pafling through the di.* 
re6tion of the force, and the center of gravity of the 
body, that that plane would be the plane of rotation in 
which the body would both begin and continue its mo- 
tion. It appears alfo from what has been proved, that 
if every fe<Slion on each fide that plane had not been fi- 
milar, the plane of rotation would not mcejfarily have 
continued the fame after the commencement of the mo- 
tion. Hence all bodies, formed by the revolution of any 
plane figure, will have the axis about which they were 
generated, a fixt axis of rotation ; to determine, however, 
every other axis of a body about which it would continue 
to revolve, would be foreign to the fubje6l of Ihis paper. 
Suppofing therefore the plaiie of rotation to continue the 

fame 
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fame (for in this paper I mean to confine my enquiries 
to fuch cafes) imagine all the particles of the body to be 
referred to that plane orthographicaliy, which fuppofi-f 
fition not afFe£ling the angular motion of the body, the 
centrifugal force of all the particles, to caufe the body 
to revolve aibout an axis perpendicular to that plane, will 
remain unaltered. Let lmno (fig. 7.) be that plane, 
and fuppofe a force to a£t at a in the diredtion pa lying 
in the fame plane, which produce until it meets ln, 
paffing through the center of gravity g, perpendicular- 
ly in D ; then by Cor- %. Prop, viii, the center of gra- 
vity. G will begin its motion in a line parallel to pa, or 
perpendicular to ln, ; and confequently the center c> 
about which the body begins to revolve, muft lie fome- 
where in the line ln. Now the centrifugal force of any 
particle/^ is pxpc\ let fall /)^ perpendicular to ln, then 
the effe6t of that force at c, in a dire6tion perpendicu- 
lar to LN, will hepxpa, and in the dire£tion cl it will 
be pxca; but as the fum of all the quantities pxpa-Oy 
and the fum of all the quanties p x ca = the body mul- 
tiplied into cg,. it follows from the fame reafoningas in 
Prop. 111. that the point o will continue to move in a 
direction perpendicular to ln ; and alfo, as the forces 
p X ca ait in a direction perpendicular to that in which 
the center of gravity moves, its motion muft be conti*- 

nued 
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nued uniform. In the following Propofitions, there- 
fore, we fuppofe the axis of the body^ after the com- 
mencement of the motion^ to continue perpendicular 
to the plane pafSng through the diredionof the force, 
and the center of gravity of the body, and that the 
body itfelf is orthographically projected upon that j^ane ; 
alfo in the cafe of the adion of two bodies oa each 
other, the plane paffing through the direction of the 
ftriking body and poimt of percuffion is fuppofed to pafs 
through the centers of gravity of each body ; that 
the axis of each body after it is ftruck continues per- 
pendicular to that plane, and that each body is reduced 
to it in the manner above defcribed, 

p t> n p Y 

f1? determine the point about which a body^ when Jlruck^ 

begins to revolve. 

Let LMNO (fig. 7.) reprefent the body, o the center 
of gravity, and pa the diredion of the force a<5ting at a, 
which produce till it meets ln, pafling through g, per- 
pendicularly in the point d ; draw pb perpendicular to j^c, 
on which (produced if neceffary) let fall the perpendicular 
Dw; c being fuppofed the point about which the body be- 
gins to revolve, and which, from the laft Propofition, is 
fome where in the line ln. Becaufe the body, in con- 

fequence 
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fequence of the force acting at d, begins to revolve 
about c, and confequently if immediately after the be- 
ginning of the motion a force were applied at d equal 
to it, and in a contrary direitiony the motion of the 
body v^ould be deftroyed, it is evident, that the efficacy 
of the body revolving about c, to turn the body about 
D, Ihould any obftacle be oppofed to its motion at that 
point,, muft be equal to nothing ; for v^ere it not, the 
bodyy when flopped at d, would ftill have a rotatory 
motion about that point, and confequently two equal 
and oppofite forces applied at d would not deftroy each 
others efFe£ls, which would be abfurd.. Now the force 
of a particle p^ in the dire£lioa pWj being /)x/)c, it& 
efficacy to turn the body about the point t> h pxpQx 
'£>w ; but by fim. triang. r>w : T>b : : ac : pCy /. nw = 

HilfS, and confequently the efficacy to turn the body 



about -D^pxDixac^pxcax nc-d^^pxcaxDC-pxpc^; 
hence the fum of all the px ca xdc- the fum of all 

^- ^ 2 ji r -.1 fiuii of all the /> X PC* 

the pxvc^zz o, and confequently cd = f,^ ^f aii theT^c^ ^ 
therefore n is the center of percuffion, the point of fuf- 
penlion being at c. 

Cor. From this and the preceding Propofition it ap- 
pears, that every thing which was proved in Prop. v. vi. 
VII. holds here alfo in the cafe of the adion of one body 

on another. 

PROP. 
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P It O V. XLi 

Let a body :i» (fig> 8.) moping with tbt ^i^elocitytv^ JirtT^ 

ibebody Q^at rejiin the point a, and in adtreSikn a0 

pajjing through the center of gravity of the .Jiriking 

body; to determine the velocity cf each body after the 

Jlroke^ fuppq/ing them to be elajlic. 

The folutidn of this Propofitioa deperifeg 'ca the 
fame principles as that of Prop. Hi. we ihall havc^ p^t^ 
ting ^ eqtialthe vel0G^ of the center of gravity:'^ af-^ 
ter the ^oke, on fuppcriition th^t the bodies 'Vgierenoh*^ 
elaftic (i)Gc being ftippdfed perpendicular to au,. jand' e 
the point about w^hicii the bo^y c^ l>^^^^ to revoire) 

V X p K c jD ^- ^^ ' + C Q ^ ^v • and confeqiieatly 

ii/ N/ i> X OHy b^ Gift 
^=" iumofaHthe;>X^C-^PxCD- ? ^^ ^^ ^^ WellkflOWn, 

that the fiim of all the^x^^c^'^eGxCBxQ^, and h^ftee 
^^QxW^FxDc' ^^^ therefofe if the bodies be fup^ 
pofed elaftic, we have' (V xcgh-^xdc ^^ ^^^ velocity of 
the center of gravity g after the ftroke. Now to de- 

P X V X 6l) 

termine the velocity of p, we have ^^^^^^^ -^^^^ equal 
its velocity after the ftroke from fingle impad, and con- 

r ^1 PxVxCO QxVxCG . ^, , , . 

fequently v -• ^^^^^^^^^:::^.^^^^-^ is the Velocity 

loft 
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loft by p from limple impad ; hence if the bodies be 
elaftic, V^ggJ^f^ will be the velocity loft by p if elat 
tic, and confeqtiently the velocity of p after theftroke 

_ 2xClx'VxCG _PxDC-CLxGC _ 

*" - Cl^xGG4^Px.DC"~ QJ<GC-^PxDC^ ^* 

Cor* I. If the (Jire£tion ad paffes through g^ then 
€'G being equal to cId^ we have i-- = <i^'s velocity, and 

~— ~x V = p 's velocity, which is well known from the 

common principles of elaftic bodies. 

Cor, 2. If p X Bc = Q^x GC, or p : q^: : gc : dc, then 
will the body p be at reft after the ftroke. 

Cor. 3/ If Q^ were infinitely great, the velocity of p 
after the ftroke would be = - v as it ought, for p would 
then ftrike againft an immoveable obftacle. 

Cor* 4* Whatever mbtian ,Q^gains from the action of 
JB, it would lofe, if, inftead of fuppofing p to ftrike q^, 
Q^ were to move in an appofite dLire^bion, and ftrike p at 
reft with the fam^ velocity with which p ftruck q^; in 
fuch cafe, therefore, the velocity of q^ after theftroke 
%,^.^.1.1- u^ rr aP xacxv , ^ oPlpxGc-^Pxpc 

^ Otild be V - ciyoC + PxbC - QxGC+PxDC ^ ^• 

Cor, $, Hence if p be infinitely great, or Q^be fup- 
pofed to ftrike an immoveable obJecSt, its velocity after 

the ftroke will be = ^^'^ q^^^^ x v: hence when dc=2GC;, 

the body q^ will have no progreflive motion after the 

Vol. LXX. 4 F ftroke, 
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ftroke, but would in fiich cafe, if p were immediately 
taken away, continue to revolve about a fixed^axis. It 
may alfo be obferv^d, that when dc is greater than 2GC, 
or the velocity of Q^ia pofitive, that, becaufeit is im- 
poffible for <i^to continue its progreffive motion, it is 
only to be underftood, that if immediately after the im- 
padt the body p were removed, the body q^ would then 
proceed with fuoh a velocity* 

Cor. 6. Suppofe the bodies to be non-elaftic, and let 
M be the magnitude of a body placed at i>, which, be- 
ing adted upon by p, fhall have the fame velocity ge- 
nerated as was before generated in the point t> of the 
body ct; then by the common rule for non-elaftic bo- 
dies, the velocity of m after the ftroke will be V^y and 

1^^"^ Ifj = qI^gT?^ confequentlrM = Q.Kf. 

Cor. 7. If a given quantity of motion were commu- 
nicated to any point of the body q^, the progreffive 
motion of that body after the ftroke would be the fame. 
For fuppofe the magnitude of the body p to be diminiflied 
Jine limit e J and its velocity to be increafed in the fame 

ratio, then, becaufe (vxeG+PxDc (^^i^^ ^^ ^^e velocity of 
p after the ftroke, if the bodies be non-elaftic) = (becaufe 
p is ipfinitely fmall) l^~^^^ the velocity of p after the 

ftroke 
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ftroke from fimple impadl is finite, confequently its mo- 
tion muft be infinitely fmall, and therefore p muft have 
communicated all its motion to q^: now in this cafe the 

velocity of ct ( = qx CG+px Cd) ^ ^q7> ^^^^^^ quantity 
is independent of the place where the force a<5ls ; in the 
fame manner it w^ould appear if we had fuppofed the 
todies elaftic* 



PROP. XIL 

Suppojing every thing given as in the lajl Vropofition^ ex-- 
cept that the direSiion av> does not pafs through the cen-- 
ier of gravity g of the Jir iking body ; to determine the 
velocity of each body after thejlroke. 

Let AD (fig. 9.) be produced to meet f^o paffing 
through g^ the center of gravity of the ftriking 
body, perpendicularly in f, and ftippofe o to be the 
point of the body p w^hich is not difturbed by the 
adion of p on q^: now it appears from Cor. 6. Prop. 
XI. that if both bodies were non-elaftic, and a body 

equal to q^x ^ were placed at D, the velocity of that 

body, from the a6lion of r, would be equal to the ve- 
locity of the point d of the body q^; for the fame rea- 
fon, therefore, it appears, that if, inftead of fuppofing 

4 F a p to 
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p to ftrike ctin the dire<3:ion fa, a body equal to vx~ 

were to ftrike Q^at the fame point and in the i^me di- 
re6tion (which direction is fiippofed to pafs through the 
center of gravity of that body) the efFecSt on Q^would.be 

the fame ; hence, if ia the quantity Q^j^^^^f^^, Xvhich 
from the laft Prop, exprefles the velocity of the point i>' 
after the ftroke, on fuppofition that the bodies are non- 

elaftic, we fubftitute for p,a body equal to p x — , we- 

F0 

fliall have ^^ J^l F Q + p X Jo X DC ^^^ ^^e velocity of the 
point D from the aftion of p ; and confequently 

2 X VxPxGC X;p^0 ^v 1 -^ r ^ti .^ ■ r 

QlT GCxFo+ pir^o^^DC ^ *e velocity of the center of gra- 
vity G of the body q^, after the ftroke, if the bodies be 
perfectly elaftic. To determine now the velodty of the 
ftriking body, letc/, perpendicular to o^, belhe ipace 
defcribed by the point o in the firft inftant of time, afir 
ter the ftroke, which, as tliat point is not difturbed by 
the a6lion of the bodies on each other, may reprefent 
the velocity of p before the ftroke, and let -Fb repre^ 
fent the velocity of the point f after the ftroke; join/^, 
and draw gd perpendicular to o^', and then will gd re- 
prefent the velocity of the center of gravity g of the 
ftriking body after the ftroke.. Draw fc perpendicular 
to FA, and produce gd to meet fc in e ; now the velocity 

loft 
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laft by p at the point f by fimple impact beiag equal to 

_ VxPxDCx^O _ VxClxGCxFO ^ ^ 

■ Qx GC xFO+P x^O X DC "^ Ox GC x FO + F xj^O x DC' ^^ ^^^H 

have be the velocity Ibft by the point f, on fuppofition 
that the bodies are perfeilly elaftic (fuppofing 0/ to re- 

prefent the value of v) equal to ,, '^'^):^3:^t^''I^w -y 

•* ^ ^ QjkGCxFO + Pxj^OxDC^ 

and therefore by fim. triang. fc (fo) : cb i vfe {pg) : ^^=: 
q3^S§*S^o X DG^ = *^ velocity loft by the center of 
gravity g, and hence v -- ^^^^^^^^q = 

V X Qx GC X FO 4- V X P x^O xDC -> 2 x V x Q:x GC x^O _ , .. . 

OxGCxFo+Pxi^oxDC ~ tne velocity 

of p after the ftroke. Now, as it appears from Prop. 
IX. that the progreflive motion of a body, when left to 
move freely, continues uniform and in the fame direc- 
tion, it follows, that the expreflions for the velocities 
of each body in the firft irrftant afterthe ftroke, both in 
this and the preceding Propofition, will reprefent the 
uniform progreflive velocities with which the bodies will 
continue to move, and confequently the place of each 
body, at the end of any given time after imparl, may 
eafily be determined. 

Cor\ I. If the direction fa pafles through^-, then fo 

and go becoming infinite, we fhall have a V^^^.^tf ^1*?^ 

^ c> 7 Qj< GC + P X DC 

for the velocity of q., and ^ ^ ^^y^;^^'^^ ^^ for the 

velocity 
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velocity of p, agreeable to what was proved in the laft 
Propofitioiit 

Cor* 2. Hence the point about which p begins its ro- 
tatory motion may ealGly be found ; for produce (if ne- 
ceffary) fd and of to meet in a^ and a will be the point 

required ; and by fim. triang. l>c (=. ^:^cl%Zv^.fJ^T>o ^ 
: r/: :/o ( = V) : oa = axGcx FO^P^ oxgc^ ^^ ^^^^ 

^vr PX.^OXDC-^QXGCXO F 
.iry/ ''~' i m i»i ' ■» « II "I .. . 1 . 1 i » i I II ii « ii»i I I I 

*^^ 2XCi><GC 

Cor. 3t If, inftead of fuppofing Q^to have been at 
reft^ it had been moving forward in a direilion parallel 
to that of the body p, with the velocity v^ the motion 
of each body after the ftrofce may eafily be determined : 
for confidering p as acting upon Q^withthe velocity v-v^ 
we Ihall have by this Propofition (putting 2M = 

Q.xGcxFQ+Px^oxDc )^ - ^ X 2M := the velocity commu- 

aicated to g^ therefore v +v-© k 2M = the velocity of q^ 

after the ftroke x alfo ^-^x m x ^ = the velocity gained 

by the point b from limple impa6t, and confequently 

the velocity of that point after zzt;+v-vxMx ^, hence 

v^^-v-vxux ^^— tht velocity loft by p at the point 
y from fimple impa£l, therefore p's velocity after the 



ftroke x:v-v-^-v-i?xMx^x ^. In the fame 
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manner it might have been determineiJi had q^ moved 

in an oppolite dire<Stion. 

Cor. 4* Hence alfo we may eafily determine the mo- 
tion of each body after the ftroke, fuppoling q^ had not 
been moving in a direction parallel to the motion of p, 
by refolving qJs motion into two parts, one parallel to 
the motion of p, and the other perpendicular; and 
findingby the preceding what would be the effedl of the 
parallel motions, and then compounding qJs motion, af- 
ter the ftroke from that conlideration^ with the motion 
it had in a diredtion perpendicular thereto before the 
ftroke. 

Cor. 5 . The point a of the body p will defcribe (when 
that body after the ftroke has any progrefiive motion) 
the common cycloid. 

Cor. 6 . Hence^ therefore, the times of the revolutions 
of each body may be determined as in Prop* vi. 

Cor. 7 . If the bodies had any rotatory motion before 
impa(St, every thing relative to the motion of the bodies 
after the ftroke might have beeri determined from the 
fame principles. 






